We study meson spectrum obtained from massive open string modes in a holographic dual of QCD constructed on the basis of a D4/D8-brane configuration in type IIA string theory. The spectrum includes mesons with spin higher than one. Taking into account the effect of curved background perturbatively, we obtain a mass formula for these mesons. The mass formula exhibits the linear Regge behavior at the leading order with subleading non-linear corrections. We argue that the string spectrum captures some features of the observed meson spectrum. For example, a 2 (1320), b 1 (1235), π(1300), a 0 (1450), etc., are identified as the first excited massive open string states and ρ 3 (1690), π 2 (1670), etc., are identified as the second excited states. * ) E-mail: imotoggl@gmail.com * * ) E-mail: tsakai@eken.phys.nagoya-u.ac.jp * * * ) E-mail: shigeki.sugimoto@ipmu.jp 1 §1. Introduction String theory was originally born as a theory of hadrons in the late 1960s. 1)-3) One of the nice features of string theory is that the spectrum exhibits the linear Regge behavior, which is one of the mysterious properties found in the observed hadron spectrum. That is, the spin J and mass squared M 2 of the hadrons lie on the linear trajectory as
porate N f flavors of quarks in the system, N f D8-branes are placed in the Witten's D4-brane background as probes. It was argued in Refs. 7) and 13 ) that the open strings attached on the D8-branes are interpreted as mesons and the low energy effective theory is written as a five-dimensional U(N f ) Yang-Mills -Chern-Simons (YM-CS) theory. It turned out that this five-dimensional YM-CS theory reproduces various phenomenological models constructed to describe the properties of hadrons. Furthermore, many quantities such as masses and couplings calculated in the holographic description are roughly in good agreement with the experimental results. This five-dimensional gauge field originates from the massless modes in the open string spectrum. It produces a massless pseudo-scalar meson (pion) together with an infinite tower of massive vector and axial-vector mesons with J P C = 1 −− and 1 ++ , where P and C are parity and charge conjugation parity, respectively. Clearly, it can only cover a part of the whole meson spectrum observed in the experiments. In particular, the mesons with J ≥ 2 cannot be obtained from the five-dimensional gauge field. This is, however, not a serious problem of the model. As suggested from the original idea of string theory, it is natural to expect that higher spin mesons are obtained from the massive excited states in the open string spectrum. The purpose of this paper is to explore this direction. For related works, see Refs. 14)-32).
In this paper, we study the meson spectrum obtained from the massive open string states. Although it is difficult to quantize strings in the curved background with RamondRamond (RR) flux, we are able to estimate the masses of these mesons assuming that the 't Hooft coupling λ is large. The leading term in the mass formula is just that obtained in the flat space-time, which gives the linear Regge behavior (1 . 1). Taking into account the effect of the curved background perturbatively, we obtain the next-to-leading terms that give corrections to the formula (1 . 1). We also determine the quantum numbers J P C for these mesons and try to identify the meson spectrum obtained from string theory with that observed in the experiment. We argue that it is plausible to identify a 2 (1320), b 1 (1235), π(1300), a 0 (1450), etc., as those obtained from the first excited massive open string states, and ρ 3 (1690), π 2 (1670), etc., as the second excited states.
The organization of this paper is as follows. First, we briefly review the model in §2. In §3, we analyze the meson spectrum that is obtained from the massive open string modes. The results are compared with the experimental data in §4. In §5, we summarize our results and discuss possible future directions. In Appendix A, we analyze the spectrum of the second excited open string states that could be identified with excited mesons including those with J = 3. In Appendix B, we classify Z 2 symmetries of the system we work in. This plays an important role in identifying the open string states with the mesons found in the experiments. Appendix C is devoted to a study of the effect of RR flux into the meson mass formula. §2. Brief review of the model
In this section, we provide a brief review of the holographic QCD proposed in Ref. 7) with the aim of fixing our notation and convention. Here, we only describe the necessary ingredients of the model for this paper. See Refs. 7) and 13) for more details.
The model is constructed using a system with D4/D8/D8-branes in type IIA string theory compactified on an S 1 . To break the supersymmetry completely, we impose the anti-periodic boundary condition on all the fermions of the system along the S 1 . The radius of the S and N f D8-D8 pairs are added to obtain N f flavors of massless quarks. The D8-branes and D8-branes are placed at the antipodal points on the S 1 and extended along the other nine directions.
In the holographic description, the D4-branes are replaced with the corresponding curved background considered by Witten in Ref. 8) . The D8-branes are treated as probes, assuming N f ≪ N c . Then, the D8-branes and D8-branes are smoothly connected, and the system becomes N f D8-branes embedded in the Witten's D4-brane background. The topology of the background geometry is R 1,3 × R 2 × S 4 and we parametrize the R 1,3 and R 2 by x µ (µ = 0, 1, 2, 3) and (z, y), respectively. The metric and dilaton configurations can be written as
1)
where (r, θ) is the polar coordinate of the R 2 related to (z, y) by
is the line element on the unit S 4 and K(r) = 1 + r 2 .
* ) The parameters l s and λ correspond to the string length and 't Hooft coupling in QCD, respectively. In addition, the * ) r is related to U/U KK used in Ref.
RR 4-form field strength F 4 is proportional to the volume form of the S 4 and satisfies
It is important to note that the string length l s only appears in the overall factor in the metric. When we consider a string with tension T = 1/(2πl 2 s ) embedded in this background, the l s dependence in the string world-sheet action cancels out and the system is equivalent to a string with tension
embedded in the background, whose metric is given by d s 2 in (2 . 1). Therefore, the masses of the massive string modes remain finite in the decoupling limit l s → 0, implying that the holographic dual description of QCD involves the whole massive states of a string theory rather than just its massless sector. In the following, we consider strings with tension T embedded in the background with metric given by d s 2 . This is equivalent to setting 6) which is allowed because the l s dependence cancels out anyway. * ) In this convention, we can omit the tilde in T and d s 2 . From (2 . 2) and (2 . 6), we see that the loop correction and α ′ correction in string theory correspond to λ 3/2 /N c and 1/λ corrections, respectively. We assume that these corrections are small, which is justified when 1 ≪ λ 3/2 ≪ N c .
In the D4/D8/D8-brane configuration (before replacing the N c D4-branes with the corresponding supergravity background), gluons are obtained as the massless modes in the Kaluza-Klein (KK) decomposition of the gauge field on the D4-brane wrapped on S 1 . The massive KK modes in the SU(N c ) gauge field as well as fermions and scalar fields on the D4-brane world-volume are artifacts of the model and do not have any counterparts in QCD. They all have masses of order M KK , and hence, our model deviates from QCD when the energy is higher than this scale. In principle, we should take a limit M KK → ∞ and λ → 0 with the QCD scale (e.g., the rho meson mass) kept fixed at the experimental value to send the cutoff to infinity. This is analogous to taking the continuum limit in lattice QCD. The QCD scale Λ QCD is related to M KK by Λ QCD = f (λ)M KK with an unknown function f (λ).
To take the M KK → ∞ limit, we have to know how the function f (λ) behaves in the small λ region. However, since our calculation can only be trusted when λ is large, this procedure is beyond the scope of this paper. Instead, we use the experimental values of two quantities as inputs to fix M KK and λ, and expect that the predictions will become more accurate by * ) This convention differs from that in Ref. 13 ) by a factor of 2/3 on the right-hand side. With this parameter choice, various properties of hadrons predicted in the model turned out to be in reasonably good agreement with the experimental results. Although the cutoff scale M KK is rather low, we can expect that the effect of the cutoff is much milder than that of lattice QCD. In the energy scale of a few GeV, this system can be regarded as a holographic dual of massless QCD with extra massive fields whose masses are of order M KK . For many of the low energy quantities of hadrons we are interested in, the main contributions are from the massless gluons and quarks, and the effects of the extra degrees of freedom should not be large enough to alter the order of magnitude. The fact that our formulation does not suffer from the finite volume effects and keeps exact Poincaré symmetry as well as chiral symmetry also helps to reduce the error.
In this paper, we analyze the open strings attached on the D8-branes that are interpreted as mesons in QCD. The D8-branes are placed at y = 0, and extended along x µ , z and S In this section, we consider massive open string states in our model. Since it is not easy to quantize strings in the curved space-time described in the previous section, we restrict our analysis to the cases with λ ≫ 1, in which the effect of the non-trivial background can be considered perturbatively.
As explained in §2, we have to pick up states that are invariant under SO (5) The non-trivial r dependence of the metric (2 . 1) is analyzed perturbatively in §3.2, where we show that it makes the five-dimensional particles stay around z = 0 and they behave as four-dimensional mesons.
Classification of open string states
When λ is very large, the string length is much shorter than the scale of the curvature radii of the background, and it is possible to approximate the space-time around a string by the flat space-time
, where the R 4 factor denotes a local patch around a point in S 4 . We parametrize the flat ten-dimensional space-time by
and also use the notation (z, y) = (x 4 , x 5 ) and θ a = x a (a = 6, 7, 8, 9) .
We are interested in the SO(5) invariant states created by open strings attached on the D8-branes placed at y = 0. When we approximate the background by the flat space-time, the SO(5) isometry of S 4 becomes SO(4) 6∼9 rotational and translational symmetry acting on R 4 parametrized by θ a . Here, SO(n) A 1 ∼An denotes the orthogonal group acting on the * ) See Ref. 19) for the calculation of the 1/λ correction to the string tension.
n-dimensional space parametrized by (x A 1 , . . . , x An ). Therefore, we ought to find SO(4) 6∼9 invariant states with the wave function constant along θ a directions. As a result, the system is reduced to a five-dimensional space-time parametrized by x µ (µ = 0, 1, 2, 3) and z.
To obtain the open string spectrum, it is convenient to consider D9-branes that are related to the D8-branes by T-duality along the y-direction. * ) We first compactify the y-direction to S 1 , but restrict our attention to the sector with zero winding number. This system is T-dual to N f D9-branes with zero momentum along the S 1 direction. Here, we use the notation y = x 5 to parametrize the T-dualized S 1 -direction. The background RR 4-form field strength is mapped to an RR 5-form field strength proportional to d y ∧ dθ
the SO (5) invariant states on the D8-branes are in one-to-one correspondence with the open string states on the D9-branes that are invariant under the SO(4) 6∼9 and the translational symmetry along the five-dimensional space parametrized by ( y, θ a ). There is an additional constraint we have to impose to obtain the states corresponding to the mesons in QCD. In fact, as we will show in Appendix B, a Z 2 action generated by
is a symmetry of the whole system, under which quarks and gluons are invariant. Therefore, the mesons in QCD should correspond to the open string states that are also invariant under this Z 2 . * * ) We call this Z 2 symmetry "τ -parity", following Ref.
11).
Massive particles created by the strings attached on the D9-brane can be classified by representations of SO(9) 1∼9 that is the little group for the ten-dimensional massive particle.
We first classify the massive string modes by the representations of SO(9) 1∼9 , decompose them by the representations of SO(5) 1∼ 5 × SO(4) 6∼9 subgroup, and extract the SO(4) 6∼9 invariant components. Then, we pick up the components that are invariant under the τ -parity (3 . 1).
Let us examine the first excited states explicitly following the procedure explained above.
We 
with non-negative integers k and l. Here, the NS-vacuum |p is an eigenstate of the momentum operator with the momentum p satisfying the mass shell condition
where we have used (2 . 6) and
Here, the momentum p can take non-zero values only in the five-dimensional components
, because we impose the translational invariance along ( y, θ a ).
The first excited state with N = 1 is symmetry is not manifest in the light-cone gauge, it is not difficult to see that these multiplets are obtained from 84 ⊕ 44 of SO(9) 1∼9 . The decomposition of these representations with respect to the representation of SO(5) 1∼ 5 × SO(4) 6∼9 ⊂ SO(9) 1∼9 is given by 44 
Therefore, the SO(4) 6∼9 invariant states are
of SO(5) 1∼ 5 . Thus far, we have considered the first excited massive states for the open strings attached on the D9-brane, which is T-dual of the D8-brane. The field content for the D8-brane is obtained from the dimensional reduction of that for the D9-brane. Then, the five-dimensional fields corresponding to the first excited states on the D8-brane can be obtained by the dimensional reduction of the six-dimensional fields listed in (3 . 7) , that is, the scalar field ϕ, rank-3 anti-symmetric tensor field A αβγ , and traceless symmetric tensor field h αβ (α, β, γ = 1, . . . , 5). The components that are invariant under the τ -parity (3 . 1) are
with M, N, P = 1, 2, 3, z.
Higher excited states can be constructed in a similar manner. We present the results for the second excited states in Appendix A. One of the important properties worth mentioning here is that, as it has been well-known from the early days of string theory, the spectrum exhibits linear Regge behavior. Namely, the highest spin J for each mass level is
2, we show that the masses of four-dimensional mesons are modified from this linear behavior.
Mass spectrum
To obtain four-dimensional meson fields from the five-dimensional fields obtained in §3.1, we expand the five-dimensional fields using a complete set of normalizable functions of z that is chosen to extract mass eigenstates. The idea is the same as the usual Kaluza-Klein (KK) decomposition. Although the space in the z direction is non-compact, the non-trivial z dependence of the metric induces a potential that prevents particles from moving away to infinity and the system effectively becomes four-dimensional.
For example, the five-dimensional scalar field ϕ is expanded as
where {φ n (z)} n≥0 is a complete set of normalizable functions of z to be determined and ϕ (n) (x µ ) denote the four-dimensional meson fields. The field equation corresponding to the mass shell condition (3 . 3) in the flat space-time limit is
where µ, ν = 0, . . . , 3 and m
Here, we ignore the interaction terms assuming that the string coupling g s ≃ λ 3/2 /N c (see (2 . 2)) is small. In the following, we claim that the leading correction to this equation in the curved space-time can be included by just replacing η µν in (3 . 10) by the curved metric g
for large λ. More precisely, for the warped geometry with
1/2 and c = 1/2), the terms we should keep in 12) and all the other terms are sub-leading for large λ. This statement holds not only for the scalar fields but also for any tensor fields. To see that the other possible terms in the equations of motion (3 . 12) can be neglected, it is convenient to rescale z as
and treat w as an O (1) variable. The motivation for this rescaling is that, as we will soon show, the typical width of the wave functions in the z-direction turns out to be of O (1) terms. This implies that, for example, we do not have to replace the derivatives in (3 . 11) with the covariant derivatives, since the terms with Christoffel symbols are sub-leading. The corrections involving the curvature of the space-time are also negligible. One might think that the higher derivative terms may have larger contributions, since
However, since each derivative is accompanied by l s ∼ λ −1/2 , the higher derivative terms can be neglected as well. The effect of the RR field is trickier. We show in Appendix C that the corrections to the equations of motion (3 . 12) due to the background RR field (2 . 4) can also be neglected within our approximation. From (3 . 12), the masses of the four-dimensional meson fields are obtained as the eigenvalues of the eigenequation
14)
The eigenfunctions {φ n (z)} n≥0 form a complete set, and are used to expand the five-dimensional field as in (3 . 9), with the eigenvalue M 2 n interpreted as the mass squared of the nth meson field ϕ (n) (x µ ). The eigenequation (3 . 14) is the same as the Schrödinger equation of the harmonic oscillator so that
with n = 0, 1, . . . , where we have used c = 1/2 and (3 . It would be instructive to derive the formula (3 . 15) in a more direct way. The action for a particle of mass m 0 placed on the D8-brane is 16) which implies that this particle is trapped around z = 0 with a potential
Approximating the potential V (z) by a harmonic oscillator, the energy eigenvalues are obtained as
This result consistently reproduces (3 . 15) up to O(λ 1/2 ) terms.
Parity and charge conjugation
In Ref. 7) , it was shown that the parity transformation in QCD corresponds to flipping the sign of the spatial coordinates in the five-dimensional space-time: 19) and the charge conjugation is a Z 2 transformation acting on the massless five-dimensional field A M (x µ , z) (M = 0, 1, 2, 3, z ; µ = 0, 1, 2, 3) on the D8-brane as
The parity transformation (3 . 19) works for the massive sector in the same manner. However, the charge conjugation (3 . 20) is given only for the massless gauge field and we need to know how it acts on the massive string modes. Because the charge conjugation interchanges the left-handed and right-handed components of the quark field, we expect that the coordinate z should be mapped to −z. In addition, it relates a field with its transpose as in (3 . 20) , implying that the orientation of the open string should be flipped by the charge conjugation.
Therefore, the charge conjugation corresponds to an orientifold action that involved the reflection of z. An orientifold action consistent with our brane configuration was found in Ref. 36) , in which O6-planes are added to the system to obtain a holographic description of O(N c ) and USp(N c ) QCD. It is shown that the Z 2 symmetry corresponding to the charge conjugation is the orientifold action associated with an O6 + -plane, which is defined by
together with world-sheet parity transformation. * )
Let C be the generator of this Z 2 represented on the open string states. The action of C on states in the light-cone gauge (3 . 2) can be read from the relations: 
where i, j, k = 1, 2, 3. Four-dimensional meson fields are obtained by expanding the five-dimensional fields as in (3 . 9). The parity and charge conjugation properties can be read from (3 . 19) and (3 . 23), together with the fact that the mode functions satisfy φ n (−z) = (−1) n φ n (z). The spin J, parity P , and charge conjugation parity C for the lightest mesons with n = 0 in the first excited massive string states (3 . 8) are as follows:
For the second lightest modes with n = 1, P and C are all flipped, compared with those with n = 0.
§4. Comparison with the experimental data
Here, we try to compare our results with the experimental data. Since our model only contains massless quarks, we set N f = 2 and focus on the light unflavored mesons. In particular, we consider the isovector mesons, because isoscalar mesons could be mixed with glueballs. The isovector mesons seen in the meson summary table in Ref. 37 ) are listed in Table I . A plot of mass squared against spin for these mesons is shown in Fig. 1 From Table I and Fig.1 , we observe that the mass squared M 2 against spin J of ρ(770), a 2 (1320), ρ 3 (1690), a 4 (2040), ρ 5 (2350), and a 6 (2450) lies on a linear trajectory satisfying
with α 0 | exp ≃ 0.53 and α ′ | exp ≃ 0.88 GeV −2 . The mesons in this ρ-meson trajectory are the lightest mesons with a given spin, and hence, they should correspond to the states with N = J − 1 and n = 0 in (3 . 15). The mass formula (3 . 15) implies Fig. 2. ) Here, the O(λ −1/2 ) term in (4 . 2) plays a crucial role, because the linear Regge trajectory with α 0 = 1 can never give a good fit to the experimental data.
In the following, we argue the possible identification of the open string states in (3 . 24) and (A . 3) with the mesons listed in Table I . Since there is an ambiguity in the value of α ′ , we do not use the values of meson masses predicted using (3 . 15) explicitly for our purpose.
Instead, we rely on the property of the mass formula ( Let us begin by reconsidering the identification of the massless (N = 0) modes studied in Refs. 7) and 13). According to Refs. 7) and 13), the massless five-dimensional gauge field on the D8-brane produces a pseudo-scalar meson (J P C = 0 −+ ), vector mesons (J P C = 1 −− ), and axial-vector mesons (J P C = 1 ++ ). The predicted masses of the low-lying states are listed in Table II . The massless pseudo-scalar meson in Table II is interpreted as pion. It appears as a massless Nambu-Goldstone particle associated with the spontaneous chiral symmetry breaking, as shown in Ref. 7). We could not reproduce the mass of the pion, simply because our model corresponds to QCD with massless quarks. It would be worth emphasizing that the vector and axial-vector mesons obtained from the massless five-dimensional gauge field are all massive, despite the fact that the Regge intercept for the Regge trajectory obtained in the flat space-time limit is α 0 = 1. In Refs. 7) and 13), the lightest vector and axial-vector mesons in Table II Table II is less clear. Among the vector mesons in Table I , ρ(1570) has the closest mass to the second lightest vector meson in Table II . However, since our approximation is not good enough to make a definite identification, ρ(1450) and ρ(1700) are also good candidates.
Our result for the first excited massive string modes in (3 . 24) predicts that there should be mesons with J P C = 2 ++ , 1 −− , 1 +− , 0 ++ , and 0 −+ with approximately the same masses.
The candidates for the mesons with J P C = 2 ++ , 1 +− , 0 ++ , and 0 −+ are a 2 (1320), b 1 (1235), a 0 (1450), and π(1300), respectively. These mesons cannot be interpreted as those from the massless open string modes in Table II and it is nice to have candidates of these mesons in the first excited massive string states. The masses of these mesons are reasonably close to each other. Note that a 0 (980), which is the lightest meson with J P C = 0 ++ in Table I , is considered to be a four-quark state or two-meson resonance. (See the section of "Non-qq Candidates" in Ref. 37 ).) Since the interaction amongmesons vanishes in the large N c limit, the four-quark states cannot appear as stable bound states in large N c QCD. Therefore, we do not interpret a 0 (980) as one of the J P C = 0 ++ states in (3 . 24). According to (3 . 24), two more 0 ++ states are predicted. We are not sure how to interpret these modes. The most plausible candidate for the J P C = 1 −− state in (3 . 24) is ρ(1450). However, since we also have J P C = 1 −− states in the N = 0 sector as discussed above, this identification is rather ambiguous.
The spectrum of second excited massive open string modes with N = 2 is analyzed in Appendix A. Among those summarized in (A . 3), the states with J P C = 3 −− and 2 −+ do not appear in the spectrum of the massless (N = 0) and the first excited (N = 1) states. Therefore, they should be interpreted as the lightest mesons with J P C = 3 −− and 2 −+ in Table I , that is, ρ 3 (1690) and π 2 (1670), respectively. It is encouraging to note that the masses of these two mesons are very close to each other. π 2 (1880) could also be a candidate for the 2 −+ meson in (A . 3). Although the experimental evidence for the existence is insufficient, the second lightest mesons with J P C = 1 ++ and 2 ++ in Table I and π 1 (1600) are the candidates in Table I . However, the mass of π 1 (1400) (1351 ± 30 MeV)
is rather close to those of the (N, n) = (1, 0) states considered above, and it seems unclear if π 1 (1400) should be interpreted as one of the (N, n) = (1, 1) states or (N, n) = (2, 0) states.
In fact, it is known that mesons with J P C = 1 −+ are exotic states that cannot be obtained asbound states. π 1 (1400) and π 1 (1600) are thus regarded as four-quark states or hybrid states (qq pairs bound by excited gluons). There are some works suggesting that π 1 (1400)
is a four-quark state and π 1 (1600) is a candidate of a hybrid meson. It might look strange that there are no clear candidates in Table I This may again indicate that π 1 (1600) corresponds to a state with (N, n) = (2, 0) rather than that with (N, n) = (1, 1). If we naively use our mass formula (3 . 18) with the value of
, we obtain M n+1 −M n ≃ 671 MeV, which predicts that the masses of the states with (N, n) = (1, 1) are approximately 2000 MeV. It is, however, unclear to what extent we can trust this value, since the contribution from the second term in (2 . 7) is comparable to or larger than that from the first term for n ≥ 1.
There are some other states in (A . 3) that do not have plausible candidates in Table I it would be nice to work out the interactions that involve such excited meson from string theory. Similar analysis in the closed string sector would also be interesting.
There remain several important problems to clarify. First, as mentioned in §2 and §4, the value of α ′ is not in good agreement with the expected value if we use (2 . 6) and (2 . 7).
It would be interesting to see if it is improved by taking into account possible corrections.
It is also important to calculate corrections to our mass formula (3 . 15) to see how much our results are affected by them. In particular, since most of the mesons we have been discussing are of the same order or heavier than the mass scale ∼ M KK of the artifacts of the model, one might think that the deviation from realistic QCD would be significant. However, we know from many other nice results in holographic QCD that the effect of these artifacts seems to be much smaller than what one would naively expect. It is probable that our results described in §4 will not be changed much by taking into account the corrections. The situation may be analogous to the fact that the quenched approximation works very well in lattice QCD. Anyway, computation of the corrections should be done to justify all these.
Another related problem is the existence of the open string states that cannot be identified with the mesons in QCD. In §3.1, we restricted our attention to the states that are invariant under the SO(5) and Z 2 symmetry to exclude such artifacts from our consideration as many as we can. However, one should be aware that although this is a necessary condition to obtain mesons in QCD, it may not be a sufficient condition, and some of the states obtained in this paper might contain the artifacts of the model. To completely get rid of all the artifacts, we need to take a limit analogous to the continuum limit in lattice QCD, as discussed in §2.
To this end, we have to extrapolate our analysis to small λ region, in which supergravity approximation breaks down.
As pointed out in §4, our model predicts the states that have no candidate in Table   I The SO(4) 6∼9 invariant states are
where α, β = 1, . . . , 5 and a = 6, . . . , 9. The τ -parity invariant components are
where M = 1, . . . , 4. The lightest meson fields obtained from these fields together with their J P C are listed as follows: The excited states with N ≥ 3 can be analyzed in a similar way. The classification of the excited states with respect to the SO(9) little group can be obtained using the techniques used in Refs. 43) and 44).
Appendix B

Discrete Symmetry
In this Appendix, we classify the Z 2 symmetries of the Witten's D4-brane background with probe D8-branes. Type IIA string theory has Z 2 symmetries generated by I even , I odd Ω, and (−1)
F L , where I even and I odd are spatial involutions that flip the sign of even and odd numbers of coordinates, respectively, Ω is the world-sheet parity transformation, and F L is the left moving space-time fermion number. * ) (−1) F L acts on the fields in R-R sector and R-NS sector as multiplication by −1, and hence, it does not keep the RR 4-form field strength of the background (2 . 4) invariant. Instead, P τ ≡ I y9 (−1) F L is a symmetry of the background, as it keeps the F 4 flux as well as the metric invariant. Here,
In §3.3, we have learned two other Z 2 symmetries corresponding to parity and charge conjugation symmetries generated by P ≡ I 123z and C ≡ I z89 Ω(−1) F L , respectively. The spatial involutions I even that generate Z 2 subgroups of SO(1, 3) × SO(5) isometry are of course symmetries of the system. On the other hand, the spatial involutions I even that involve y → −y are not symmetries of the system, since they map the D8-branes placed at y = 0 to D8-branes. However, if we combine it with (−1) F L , which maps D8-branes back to D8-branes, the D8-branes are kept invariant.
Therefore, P τ is a symmetry of the system. It is then easy to show that the Z 2 symmetries of the system we should consider are those generated by the combinations of P τ , P , C, and elements of a Z 2 subgroup of SO(1, 3) × SO(5) isometry.
P τ defined above acts in the same way as "τ -parity" considered in Ref. 11). Let us show that the quarks and gluons are invariant under this τ -parity. To this end, we turn to the D4/D8/D8-brane configuration. As briefly reviewed in §2, QCD is realized on the D4-brane world-volume in the D4/D8/D8-brane system embedded in a flat ten-dimensional space-time
The coordinates of the R 1,3 and S 1 factors correspond to the coordinates x µ and θ used in the background (2 . 1), respectively, and the radial and angular directions of the R 5 factor correspond to r and S 4 , respectively. In this Appendix, we parametrize the R 5 factor by (x 5 , . . . , x 9 ). Although these coordinates are not the same as those used in §3.1, the involution x 9 → −x 9 acts in the same way. In this picture, the D4-branes are extended along R 1,3 and S 1 directions and placed at the origin of R 5 , while the D8-branes and D8-branes are extended along R 1,3 × R 5 directions and placed at θ = π/2 and θ = −π/2, respectively. The gluons are created by 4-4 strings and the quarks are created by 4-8 and 4-8 strings, where a p-p ′ string is an open string stretched between Dp-brane and Dp ′ -brane. * ) We do not care much about (−1) Fs , where F s is the space-time fermion number, since its action is trivial on the mesons.
The involution y → −y corresponds to the involution acting on the S 1 as τ → −τ , where we have defined τ ≡ θ − π/2. Therefore, P τ acts as I τ 9 (−1) F L in this D4/D8/D8 system. To know how P τ acts on gluons and quarks, it is convenient to T-dualize the system along the S 1 direction and consider a D3/D9/D9 system. * ) By parametrizing the T-dualized S 1 by τ , the τ -parity P τ can be interpreted as a 180-degree rotation in the τ -x 9 plane around the D3-brane. Since the gauge field on the D3-brane and the massless fermions in the spectrum of the 3-9 and 3-9 strings are invariant under the rotation in the τ -x 9 plane, we conclude that the gluons and quarks are invariant under the τ -parity P τ .
Appendix C
Contribution of RR Field to the Mass Formula
Since the radius of the S 4 is proportional to M term in (3 . 15) . Thus, one might think that the O(λ 1/2 ) term in our mass formula (3 . 15) would be modified by taking into account the effect of the background RR field.
However, it can be shown that the terms like (C . 1) can only be possible when Φ and Φ ′ are not in the same excitation level. Then, by diagonalizing the mass matrix, it is easy to see that the contribution of the mixing term (C . 1) to the mass squared of mass eigenstates is at most of O(1). Therefore, the contribution of F 4 in the background in the equation of motion (3 . 12) can be neglected.
To see that Φ and Φ ′ cannot be in the same excitation level, it is convenient to T-dualize the system along the y direction as we did in §3. 
